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Abstract
The quest for universal signatures of topological phases is fundamentally important since these
properties are robust to variations in system-specific details. Here we present general results for
the response of quantum Hall states to points of singular curvature in real space. Such topological
singularities may be realized, for instance, at the vertices of a cube, the apex of a cone, etc. We
find, using continuum analytical methods, that the point of curvature binds an excess fractional
charge. In addition, sequences of states split away, energetically, from the degenerate bulk Landau
levels. Importantly, these inter-Landau level states are bound to the topological singularity and
have energies that are universal functions of bulk parameters and the curvature. Remarkably, our
exact diagonalization of lattice tight-binding models on closed manifolds shows that these results
continue to hold even when lattice effects are significant, where the applicability of continuum
techniques could not have been justified a priori. Moreover, we propose how these states may be
readily experimentally actualized. An immediate technological implication of these results is that
these inter-Landau level states, being as they are both energetically and spatially isolated quantum
states, are promising candidates for constructing qubits for quantum computation.
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2Introduction: Quantum Hall (QH) states1 were amongst the first known examples of
topologically nontrivial quantum states, a rapidly expanding category that now includes
other exotica, such as Chern and topological insulators2,3, topological superconductors2,3
and spin liquids4. The distinguishing feature of QH states is that they possess quantized
values of Hall conductance, which are rational multiples of the conductance quantum, e2/h,
a combination of fundamental physical constants. This characteristic property results from
the interplay between the degeneracy of QH states and their topological response to phase
twists across their boundaries5,6.
An additional topological feature of QH states, less well-known and appreciated several
years after the first, is that they possess a universal coupling to the geometry of the two-
dimensional real space manifold where the electrons reside7. This novel coupling causes a
real space curvature field, K(x), to induce an excess density,
δρ(x) ≡ ρ(x)− ν
2pi
=
κ
2pi
K(x). (1)
Here we set the magnetic length ` =
√
~/eB to unity; ν, the filling fraction, is equal to one
for an isolated full Landau level (LL). The value of the ‘gravitational’ coupling constant, κ,
is a characteristic of the QH state, and is stable to small perturbations to the Hamiltonian7.
LLs with indices n = 0, 1, . . ., are characterized by corresponding values7,8 of the coupling
constant, κn = n + 1/2. Non-intuitive and interesting new behaviors resulting from this
gravitational coupling are being increasingly appreciated: it has recently been shown to be
the source of anomalous viscosity9, and arises in the non-uniform electrical response of QH
states10–13.
Actualization of this ‘gravitational’ response in a real physical system requires being
able to induce real space curvature on a lattice. Doing so will typically introduce defects
and strains in the material, masking the topological effects predicted by the Chern-Simons
theory7, and introducing non-universal corrections. However, by confining the required
lattice topological defects to a point in real space (while allowing for slight bond-bending
away from it), curvature can be introduced without inducing extensive local modifications to
the energetics. Thus, a convenient way to probe the topological response of QH states to real
space curvature is to create a conical structure, Fig. 1(a); its tip size needs to be smaller than
both the magnetic length and the characteristic kinetic wavelength of the charge carriers.
An example that meets these requirements, even in the presence of high magnetic fields (of
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FIG. 1. (Color online) Conical geometry being used in this paper. (a) is a three-dimensional view
of the conical surface, with the uniform magnetic field ~B applied perpendicular to it. (b) is a
flattened view of the cone, which involves removing a wedge from the plane, with the apical angle
of the wedge being equal to the deficit angle of the cone, α.
the order of a flux quantum per lattice plaquette), is a vertex with exactly one disclination.
Such structures are found, for example, at any corners of a cube or biplane, Fig. 2.
Motivated by these considerations, we consider topological aspects of the response of
integer QH states to a point of singular curvature in real space, a physically relevant scenario
not considered in previous field theoretical analyses. Much literature exists, however, for
effects of disclinations in graphene14–16. The point of singular curvature is equivalent to
the apex of a cone in real space, with a deficit angle α, and a corresponding singularity
in the curvature field, K(x), localized at the apex:
∫∫
apex
K(x)dA = α, K = 0 elsewhere.
Evidently, in order to preserve the integrity of the lattice except at the singularity point,
the deficit angles and consequently, the net curvature, can only assume discrete values.
In the continuum limit, i.e., when the magnetic and kinetic lengths are large compared
to the lattice scale, we find that single particle states around such a singular point can be
categorized into two types15. Type I states, Eq. (5), cause macroscopic degeneracy of the
Landau level, providing a uniform density of ρ0 = (2pi)
−1 away from the singularity point.
They are attracted by curvature and rearrange to give excess fractional charge near the
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FIG. 2. (Color online) Cube and biplane structures used for exact diagonalization studies. Large
red sites at the vertices are locations of the corresponding disclinations, with deficit angles α = pi/2
and pi respectively. We have studied nearest neighbor tight binding Hofstadter models on each
structure.
singularity; its magnitude, Eq. (6), is remarkably consistent with topological field theoretical
analysis7. Type II states, Eq. (7), are localized around the singularity. In the limit of
vanishing curvature, they ensure that the Landau levels are completely degenerate, and
have a fixed density, ρ0, everywhere, including at the point of vanishing curvature. At
non-zero curvature, type II states split away energetically from the bulk LL according to a
universal prescription and (in general) move well into the inter-LL gap. The interplay of
the charge responses of these two types of states to a small real space curvature, Eq. (8),
gives rise to the behavior predicted by Wen and Zee7. Remarkably, this picture holds
quite well on the lattice, away from the continuum limit, as we find numerically. Creating
artificial mesoscopic QH structures with such singularly curved tips, e.g. Fig. 7, is feasible
using currently available technologies; the novel behavior we outline above, especially the
creation of inter-LL localized states with predictable and tunable energies, should thus be
experimentally accessible by spectroscopic and other methods. These inter-LL states show
promise for use in quantum computation, since they are both energetically and spatially
isolated quantum states.
Continuum calculation: We consider non-interacting 2D charge carriers on the surface
5of a cone, with a uniform magnetic field, ~B, perpendicular to the surface, as sketched in
Fig. 1(a). The cone surface can be mapped to a wedge subtending an angle 2pi/β at the
origin of a 2D plane, Fig. 1(b). There is uniform magnetic flux through its surface and
particle wavefunctions (and all their derivatives) are matched across the edge AX. β is
related to the deficit angle α, and hence to the integrated curvature at the cone apex,∫∫
cone tip
K(x)dA = α = 2pi
(
1− 1
β
)
. (2)
In the continuum limit the long wavelength effective Hamiltonian is quadratic and takes the
form
H = (p+ eA)
2
2m
. (3)
A convenient gauge choice for A is the symmetric gauge: A = (Br/2)θˆ. Here we use this
gauge and a unit system where m, e, ~ and B are all set to unity. Then the angular and
radial variations of energy eigenstates may be separated as
ψ(r, θ) = φ(r)eiβmθ, m ∈ Z. (4)
Quantization of the phase winding follows from the boundary matching condition ψ(r, 2pi/β) =
ψ(r, 0), since the two loci of pointsX in Fig. 1(b) are, in fact, identical on the cone (Fig. 1(a)).
The radial equation for φ(r) may be solved using arguments similar to those used for finding
simple harmonic oscillator wavefunctions17, and in general has two types of solutions15.
The ‘type I’ energy eigenstate wavefunctions, expressed in terms of associated Laguerre
polynomials, L, are
ψ(I)n,m(r, θ) = Nn,me−iβmθe−r
2/4rβmLβmn (r
2/2), (5a)
E(I)n = n+
1
2
, n,m = 0, 1, 2 . . . , (5b)
where the normalization is N 2n,m = βn!2βm+1piΓ(n+βm+1) . Since their energies, E(I)n , are indepen-
dent of m, these states cause the macroscopic degeneracy of the Landau levels. When all
type I states in a LL with index nLL ≡ n are occupied, they give rise to a uniform density of
ρ0 = (2pi)
−1 outside a radius (that itself grows as
√
nLL), and a depleted region inside that
radius (see Fig. 4). The number deficit around the origin, when compared to the planar
limit of a uniform density of ρ0 everywhere, is
δN (I) (nLL) =
1
2
−
(
nLL +
1
2
)
1
β
. (6)
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FIG. 3. (Color online) Energy level structure for an almost-flat cone, β = 1.1, compared to the
planar case, β = 1. Thick black bars denote type I states, Eq. (5), that define macroscopically
degenerate Landau levels whose energies, E
(I)
n , are independent of β (Eq. (5)). Red bars denote type
II states (Eq. (7)), whose energies on the plane (dotted levels) are degenerate with the corresponding
LLs, but on a cone generically occur inside the inter-LL gaps (unbroken levels). For such weak
curvature and nLL < (β − 1)−1, we can still energetically identify the LL associated with the type
II state.
Here, δN (I) (nLL) =
∫∫
(ρ
(I)
nLL(r)−ρ0)dA, with ρ(I)n (r) =
∑∞
m=0 |ψ(I)n,m(r, θ)|2. We have checked
this result numerically for nLL ≤ 10, and analytically for nLL ≤ 6.
On a plane β = 1 and the electron number deficit is exactly equal to −nLL. Particle
states in this void around the origin are accounted for by the type II eigenstates:
ψ(II)n,m(r, θ) = Nn,meiβmθe−r
2/4rβmLβmn (r
2/2), (7a)
E(II)n,m = n+ βm+
1
2
, n = 0, 1 . . . ,m = 1, 2, . . . . (7b)
Compared with the type I solutions Eq. (5), the azimuthal winding sense is reversed and
the energies are no longer independent of m. On the plane, where β = 1, both types of
states are degenerate and the LL index for type II states is given by nLL = n + m. Since
n ≥ 0 and m ≥ 1, there are N (II)(nLL) = nLL type II states in the LL, accounting exactly
for the number deficit δN (I) (nLL) = −nLL when only type I states are considered. In
addition, incorporating these states makes the planar LL density uniform and and equal to
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FIG. 4. (Color online) Radial density profiles of a filled LL on a cone, for the planar case (a),
β = 1, and an almost planar case (b), β = 1.2. Type I states (shaded blue) leave a void near
the cone apex at r = 0, and account exactly for the uniform planar density value of ρ0 = (2pi)
−1
further away. The nLL type II states (shaded pink) fill the void near the cone apex. They add to
give the density ρ0 everywhere on the plane, and a little excess amount for β > 1, as evaluated
in Eq. (8) and clearly evident in (b). Finally, only the m = 0 state (gray, dashed) has a finite
amplitude at the cone apex.
ρ0 = (2pi)
−1 everywhere, Fig. 4(a).
When the deficit angle is nonzero, these type II states, localized near the cone apex, move
into the inter-LL gap. For small values of the curvature, |β − 1|  1, and for low enough
LL index, nLL < 1/ |β − 1|, we can still identify the main LL associated with the inter-LL
states, Fig. 3. For this case, filling the LL gives rise to a curvature-induced excess particle
number near the cone apex,
δN(nLL) = δN
(I)(nLL) +N
(II)(nLL)
8=
(
nLL +
1
2
)(
1− 1
β
)
≡ κnLL
2pi
∫∫
K(x)dA. (8)
We have used Eqs. (6) and (2), and κn = n+1/2
7. This is identical to the topological result
obtained by integrating the Wen-Zee formula7, Eq. (1). An example elucidating how this
charge excess arises is sketched in Fig. 4(b).
Deviating further from the planar limit changes the energy level structure considerably,
since type II states (red bars in Fig. 3) now move far away from the LLs that they were
originally degenerate with on the plane. We emphasize that this change in energies has
a topological origin, and arises independently of the bond-rearrangement that should also
occur at the cone tip in a physical realization. Also, only the ψn,0 states have finite amplitude
at the cone apex, as can be readily seen from Eq. (5) and Fig. 4. Thus, bond rearrangement
at the apex will produce non-universal corrections to the energies of only the ψn,0 states,
one per LL.
Numerical calculation: We have checked these statements via exact diagonalization cal-
culations involving nearest-neighbor tight-binding Hofstadter models on a lattice. We use
closed manifolds, thus eliminating complications from edge states. Here we present two
examples, using a square lattice. The square lattice can have two kinds of disclinations
giving rise to positive curvature, with deficit angles α = pi/2 or pi, i.e., β = 4/3 or 2. These
can be used to construct macroscopic convex objects that are topologically equivalent to a
sphere, and correspond to taking out a single quadrant, or an entire half of the planar lat-
tice, respectively, and then folding the lattice appropriately around the corner. The regular
objects that arise from these two types of disclinations are the cube, Fig. 2(a), requiring
eight disclinations of the first kind, and the ‘biplane’, Fig. 2(b), having four vertices of the
second kind. Since these are closed surfaces, an integer number of flux quanta, Nφ, are
allowed through their surface. The solenoidal nature of the magnetic field is accounted for
by using ‘Dirac strings’, making numerical implementation of these models non-trivial18.
Our observations for the cube are presented in Fig. 5. The Hofstadter spectrum is particle-
hole symmetric, and nLL increases inwards in steps of 1 from nLL = 0 at the outermost
energies (Fig. 5(b) inset). Continuum analysis at any of the 8 vertices yields Fig. 5(a). Using
this with Eq. (8) at each vertex and noting that the uniform planar density of ρ0 = (2pi)
−1
corresponds to one particle per flux quantum, we expect, (i), type I states in a LL with
index nLL contribute a total of N
(I) = Nφ + 1− 6nLL states, and, (ii), type II states occur
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FIG. 5. (Color online) Comparison between (a) analytic and (b) exact diagonalized spectra on
a cube surface. For (b) the net magnetic flux is Nφ = 98 quanta and the cube side length is
L = 20. The magnetic length is thus ` = 2.9, in lattice units. Type I states with LL index nLL
have degeneracy N (I) = Nφ + 1− 6nLL, also accounting for the m = 0 states, some marked as ψn0
here, whose energies are shifted by non-universal amounts. Type II states occur at 1/3 and 2/3
fractions of the gaps, as well as inside the LLs themselves.
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FIG. 6. (Color online) Comparison between (a) analytic and (b) exact diagonalized spectra on a
biplane surface. For (b), Nφ = 66 quanta and biplane edge length L = 30 (` = 2.1). Type I and
II states are degenerate, except for non-universal energy corrections to the m = 0 states (some
marked as ψn0), and the total LL population is simply Nφ + (−1)nLL .
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FIG. 7. Suggested experimental setup for observing localized inter-LL states at points of singular
spatial curvature (red tips). All features are large compared to the magnetic length.
in multiplets of 8, at energies located at 1/3 or 2/3 of the inter-LL gap, or coincident
with the bulk LL energies. As previously noted, since bond structure at each vertex is
disrupted, the m = 0 states have non-universal modifications to their energies, resulting in
additional multiplets of 8 states per LL appearing in the inter-LL gaps (some marked as
ψn0 in Fig. 5(b)). These predictions are spectacularly borne out by the numerical results
Fig. 5(b), even when inter-LL gaps are non-uniform, as particle dispersion is no longer
quadratic because of lattice effects. At higher fields (not shown), these levels spread out
into bands but the counting pattern discussed above continues to hold.
Our observations for the biplane are shown in Fig. 6. For this case, β = 2 is an integer and
the type II energy levels coincide with the main LL energies (Eq. (7)). The LL populations
in this case is very simple: NLL = Nφ + (−1)nLL . This is manifestly different from LLs on a
sphere, where the degeneracy is Nφ+ 2nLL+ 1
19. Keeping track of the quadruplets of m = 0
states that receive non-universal energy corrections from the differing bond structure at the
4 corners, we see from Fig. 6(b) that the numerical result indeed matches expectations from
our analytic calculations.
In conclusion, we have investigated the response of integer QH states to points in real
space where curvature is singular, using both analytic and numerical techniques. Synthe-
sizing such conical structures is an experimentally feasible method for investigating the
gravitational response of QH states, till date a purely theoretical enterprise. A schematic of
such a setup is sketched in Fig. 7, where the physics discussed in this work occurs locally
12
near the cone tips (red dots). It is worth mentioning here that the curvature can also be
made negative by creating saddle point structures, where our results will continue to hold.
We have found that that, (i), excess fractional charge gets bound to the cone apex and, (ii),
LL degeneracy is locally disrupted, leading to a finite number of states splitting away from
the main LL near the apex. These energy splittings are universal functions of curvature
and cyclotron energy. These states, which are both spatially localized and energetically
isolated by a tunable amount, are promising candidates for applications in quantum com-
putation. Further, in analogy with how the shift7 is used to characterize topological states
with rotational invariance, we propose that the fractional part of the charge accumulated
at disclinations may be used to characterize topological states on a lattice. Promising av-
enues for further research are generalizing these universal ideas to graphene and other Dirac
materials, Chern insulators and fractional QH states, and also mapping out the interplay
between orbital and Zeeman magnetic couplings.
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